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Abstract. This paper presents an overview of the methodoimgyemented during the APPRoFi project to assess th
reliability of a studying case called “blade supgpainder fatigue loadings. The structure is defilgda deterministic
geometry, a random strength derived from fatigséstperformed on structures and specimens andaaticeplastic
material whose parameters are random variableanéam time variant displacement load is appliethéostructure.

It is characterised using nine spectra and a gydi® generate virtual rainflow matrices. This w&gy defines the
scatter observed on the nine empirical cumulatigéribution functions of the displacements to ceeaéw spectra.
Finally, the reliability of the studying case issassed using a humerical method called AK-IS baselriging and
Importance Sampling. It is used to obtain an adeueatimation of the failure probability for a simedmputational
effort.

1 INTRODUCTION

The assessment of reliability is nowadays a mal@llenge in the design of industrial structuresdified
deterministic methods are employed in industry ésigh structures subjected to fatigue failure. Hmwethese
methods do not give information about the probgbdf failure of the structures or about the masportant factors
on the design. To obtain an accurate idea of thbability of failure and to efficiently design arstture without
endangering its integrity, probabilistic approacklesuld be used.

In industry such as the aerospace one, the praftabépproaches have to be used to give informadioout
the probability of critical situations. For thisason, French public laboratories (IFMA-LaMI, ENS-TMCACHAN,
UTC-LABORATOIRE ROBERVAL) and companies (CETIM, SEMA, PHIMECA, MODARTT) considered as
experts in their domains of interest have gath&vedteate the APPRoFi project — APproche mécanbdtiitiste pour
la conception Robuste en Fatigue”. Funded by ANRjence Nationale de la Recherche — this projelsased on the
application of probabilistic approaches to asshesr¢liability of two industrial studying cases mdted to fatigue
crack initiation. The project aims at demonstrating interests of such probabilistic approachesnidustry.

In this paper, the methodology implemented in thejget is used to assess the reliability of a $tmad
component. The methodology is outlined Section@lowing this, the issue of rare events probabiiissessment is
introduced Section 3.1. An innovative reliabilityethod called AK-IS is detailed Section 3.2. It dealio assess for a
relatively low computational effort, the small f&i& probabilities of time-consuming performancecfions. The
structure is introduced Section 4.1. The availaala enabled to define:

- random fatigue loadings detailed Section 4.2,

- random material based on the Chaboche’s law pred&gction 4.3,

- random strength distribution using a probabilifdiigue curve, described Section 4.4.

Following this, the reliability is assessed Sectab.

2 PROBABILISTIC APPROACH DEVELOPED IN APPROFI

The fatigue approach developed in APPRoFi progatspired by the probabilistic Stress-Strengthhoet]1]
which is based on the well-known Stress-Strengtirfarence (SSI) analysis [2] and the equivaletigd@ theory [1].
Given a fatigue time-dependent lo&gt) applied to a structure, the first step of thebatulistic Stress-Strength
method consists in quantifying the fatigue loadiakatity. The load scatter observed in service iedglled by
elementary life situations which enable then toegate virtual loadg=or each of these loads, an equivalent in damage
scalar load¢q repeated\eq times is computed. It is called the equivalenigiz load. By generating numerous loads,
the equivalent fatigue load variableyNeq), function of the number of cycles., and the randomw, can be
modelled according to a known distribution (suchGaaissian, lognormal or Weibull for example). Tkeod step
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consists in the SSI analysis which defines thegoerdnce functiors as the difference between the structural strength
at Neq cyclesR(Ngqw) obtained from fatigue tests and the equivaletigdie load. The failure probabilitl; which
corresponds to the probability that the strengtloiger than the stress is then derived from anaytformulas or
numerical integration using SSI. This method ishadhpted in an industrial context for pre-dimensgig in the field

of high cycle fatigue with linear mechanical betwari However, it may be inaccurate or more diffi¢aluse for non-
linear cases and complex variability of the loadssyerity that cannot be modelled with classicatritiutions. In
addition, the approach gathers geometrical and riahtencertainties in the strength side of the jroband their
effects are not quantified separately on the raiigb

The approach developed in APPRoFi attempts to suwge of these issues. First, the equivalent fatigad is
not directly considered as a random variable witknawn distribution. It is preferred to characterigarameters
determining the applied load as random variablés. [dad simulated through these random parametéhei defined
as a combination of random variables which mayrestlt in a Gaussian distribution. Second, thigtigttests results
are used to determine a probabilistic fatigue cuatker than only the structural strengtiNafcycles. Following this,
a structural behaviour is created by selectingaatife curve to calculate the strength value bsb dhe equivalent
fatigue stress (which requires the knowledge dtmyfie curve).

The approach developed in APPRoFi is presentedré&igu It is described with only random material
parameters but it may also involve geometricalakdas. On the right hand-side of the figure, thecstiral strength is
calculated according to the probabilistic fatiguegve. The left part of the figure shows the caltala of the
equivalent fatigue stress & cycles which depends on the loading parametersatsat on the fractile of the
probabilistic fatigue curve. Following this, thesppnse of the mechanical model is obtained asgbeaent fatigue
stress afNgq cycles. To assess the reliability of the structdedined by its performance functidd, several time
demanding computations of the mechanical modetegeired. To reduce the computational effort, metdafs (or
response surface method) can be a solution to zippmte the performance function thanks to a few oted
configurations. In this case, a new method invanKriging metamodel and called AK-IS (describe@ection 3.2)
is developed to monitor the few samples to compuatéhe mechanical model in order to assess thardéaiirobability
of the structure.
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Figure 1: Flowchart of the probabilistic approaeveloped in APPRoFI.
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3 RELIABILITY ASSESSMENT OF RARE EVENTS

3.1 Assessment of the failure probability by simulations

Given then-dimensional space"Rthe random variables of the problem are notei X, and a sample of this
spacex={xy,.....X,}. Structural reliability aim is to obtain the faile probabilityP;, i.e. the probability of being in the
failure domainF or G(x)<0 [3,4]. Such probability can be written:

Po= [ f, Oy %) A dy )

P =IRH e frx (Xpeon X)X dx = E L] @

where E[ ] is the mathematical expectation.

Simulation methods are often used to estimate #ikiré probability. The most famous, Monte Carlo
Simulation (MCS), consists in simulating a largemter of samples and computing them on the perfocman
function, see Figure 2. By noting the simulated giasx? for j=1,..., M, the failure probability can be estimated by:

- 1M .
PR =) 1 (x) ®
j=1

The coefficient of variatiod defines a confidence interval on the failure piolitg. An estimate of such
coefficient is given by:

6= < (4)

MCS is very convenient to assess reliability. Hogrethe samples are generated around the meanofaloe
random variables and rare events are then difficulsimulate as a large population has to be gergréor the
practical application of this paper, failure is @xtremely rare event and therefore its probabigityery small. MCS
cannot be applied on such case and it is then sa&ge® simulate samples not around the mean valudg® random
variables but towards the failure domain [4]. Meatbobased on this statement are called variancectiedu
techniques. The Importance Sampling (IS) methodg%jne of them. It consists in concentrating thegling in the
vicinity of the most probable failure point notBdas depicted Figure 3. By this way, the conditidailre event is

to be evaluated is then given as:
P= jRn e

------

probable failure point with standard deviation dqgieal. The samples simulated through it are dehcte for
j=1,...,Q with Q much lower thamM. The integral is then estimated by:

P =P =£§I (x0) Lok 222 (6)
f f Q- F (i

The coefficient of variatiod can be obtained by the ratio between the failuobgbility standard deviation
and the estimated failure probability. The standbrdationé s reads:

0 (DY )?
6|25 = . iz IF(X(”) _fX1 YYYY - (~ i ) _|5f2 (7)
Q_l Q j=1 h)(1 X

Such method gives satisfactory results when thghteaif the failure probability is located in thewiity of the
most probable failure point. However, the perforo@ifunction may require the computation of a timesuming
numerical model and such simulation methods malyretjuire too many samples to be computed. A smtuto this
issue can be to couple these simulation methodsresiponse surface method (or metamodels). Tkieisase of the
AK methods with Kriging.

------

32 AK-ISmethod

To reduce drastically the number of computatiohs, reliability method AK-MCS [6] is developed. & an
Active learning method combining Kriging metamoeatl Monte Carlo Simulation. It consists in classify(into the
failure and safe groups) a Monte Carlo populatiotheut evaluating all the samples on the performaafunction.
Based on a few known samples (the design of exgattish the Kriging metamodel predicts the perforoeafunction
valueu, (x) at any samplex and also provides an estimation of the uncertaomtythis value thanks to the Kriging

variance. Thanks to the Kriging properties, AK-MC&hn classify a population with only a few known gées and

30f8



Fatigue design 2011 — November 23 & 24 — Cetim]iSefrrance

can identify the samples which should be “learmt”improve the classification. By computing thesengkes, the
metamodel response is improved iteratively un#é#l belonging to the safe or the failure group oftladl samples is
certain enough. It has been shown to be very parsous on several examples. However, the predidiioKriging
of a large population can become computer-demandimi) a modification to deal with rare events sholoéd
considered.

Figure 2: Monte Carlo sampling. Figure 3: Importance sampling.

Precisely, this paper proposes to improve AK-MCScbynbining Kriging and the IS technique to dealhwit
rare events. The method is called AK-IS. Like Ssicomposed of two very distinct steps. The fasé consists in

finding the coordinates &~ using the Hasofer-Lind-Rackwitz-Fiessler (HLRF)aithm [7]. The second step is the

classification on the principles of AK-MCS of a pggtion ofQ samples note&'” for j=1,...,Q centred on the point
found previously. By noting the Kriging predictedilfire domairF , the failure probability is approximated by (6)
using the Kriging performance function valuggx").

4 STUDYING CASE

41 Introduction
A simplified model of the blade support structisaused in this project. A displacement load is iggjpto it.

For this project, the available data are compo$ed o
- 9 spectra giving the time evolution of displaceite
- 3 hysteresis loops performed for different straiels to characterise the Chaboche’s law of themadt
- 15 fatigue tests monitored in displacement andoperd on real structures,
- 65 fatigue tests monitored in strain and conduotedpecimens.
In relation with the available data, the choiceniade to consider five parameters as random vasidbl@assess the
reliability of the structure: the fatigue load, 8rpameters of the elastic-plastic material, andsthectural strength.

4.2  Fatigueloading

To characterise the displacement observed by thetste, 9 spectra which give the evolution of Bispment
(Figure 4) are used. Cycles (mean / amplitude)eatected from the time-dependent displacementgusiRainflow
procedure. An example is given Figure 5.

displacement load
amplitude

time mean

Figure 4: Evolution of a displacement spectrum. Figure 5: Example of a displacement spectrum
converted into Rainflow cycles.
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The approach to model the load scatter is detaitetbllows. First, the Gerber parabola is usedotovert the
cycles with variable load ratios into cycles withoad ratio equal to -1i,e. cycles with symmetric amplitudes and
mean zero. This transformation permits to define displacement load as a 1-dimensional load th&t say the
displacement symmetric amplitud&®. Then, the 9 empirical cumulative distribution ¢tions (c.d.f.) of the
displacement amplitudes, Figure 6, are considéied.amplitude scatter observed for a lewalf the c.d.f. is defined
as a Gaussian distributicai™(ew) with the empirical meap,™ and standard deviation,™ calculated on the 9
spectra. A random c.d.f. can be generated thanks @aussian variabl€sw) of mean zero and unit standard
deviation. This random variable is known as theffa@ent of severity and by selecting a valuog it defines the
fractile to use at any levet of the c.d.f.:

S CSEVREINS (8)
An example of a generated c.d.f. is given Figufer7ce=2.5. The Gaussian distributions for three différen

levels @, b, c) are also depicted in the figure. The parametatefines the fractile of each distribution whiclerth
determines the load c.d.f..
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Figure 6: Cumulative distribution functions of thime
spectra. Figure 7: c.d.f. generated witl= 2.5,a, b andc
representing 3 different levels.

Finally, the displacement load is generated byrdifging the c.d.f. into a number of cycles simtiathe one
observed in the 9 spectra. The displacement ardpktobtained at these cycles define the randomvitiéch is then
transformed into an equivalent fatigue displacemestedu., to apply to the numerical model. The modelling is
validated Figure 8 by comparing the equivalengiai displacement of the 9 spectra with 1,000 sitedla

® o e spectra database

- - el - -
Uey

Figure 8: Distribution of 1,000 equivalent fatigdisplacements and the 9 equivalent fatigue disptacgs from the
spectra database.

4.3 Material parameters

The material behaviour is elastic-plastic that barcharacterised by the Chaboche’s law [8]. Therameters
of this law are taken as random variables. Thesanpeters are the yield strendtliw), the hardening parameters
C(w) andD(w). Given the stress range and plastic strain rangke,, the Chaboche’s law can be formulated as:

Ao C(w) A,
— =K(w)+——=tanh D 9
2 (@) D(w) ( @ )T ®)

Bayesian inference is used to update hypothetisailtlitions for the material parameters. Thisasel thanks
to 3 hysteresis loops performed for different stitaivels. The parameters are in the end defindolga®rmal variables
andC andD are considered to be strongly correlated.

50f8



Fatigue design 2011 — November 23 & 24 — Cetim]iSefrrance

4.4  Probabilistic Fatigue curve description & strength distribution

To define the strength distributioR(Negw) at Ney Cycles, fatigue data on 15 real structures andé®n
specimens are available. The fatigue curve is gasthe Smith Watson Topper stresgr [9] versus the number of
cycles. The Smith Watson Topper stress reads:

f Ag,
JSWT = E amax Tt (10)

whereE is the Young modulus;,.x the maximum stress amd; the strain range.

The fatigue curve trend is defined as a Basquimecand the Smith Watson Topper stress for a sebauwf
cyclesN is considered to be a Gaussian random variablghémmore, its coefficient of variation is defined
constant at anil. Figure 9 depicts the probabilistic fatigue cuavel the strength distributidR(Neqw), i.€. the Smith
Watson Topper distribution &k cycles.

~ structure

specimen

median slope

~ === conf. levels 2.5% — 97.5%

TSWT

log N

Figure 9: Probabilistic fatigue curve based on Bpens and structures tests.

45 Reliability assessment

The performance function noted is formulated using the Smith Watson Topper stréssonsists of the
difference between the strendN.,w) defined previously and the numerical model outpetthe maximum Smith
Watson Topper stresgwr(Neq Cs(w),k(w),C(w),D(w)) obtained from the applied equivalent fatigueptiisement at
Neq CycCles:

G = R( Ny @) =5y Ny Co(0).K (@).C @)D @) (11)

Evaluating the performance function requires thematation of a very time consuming numerical model.
the assessment of the failure probability may negnumerous runs, efforts are made to reduce timputational cost
in two ways. First, the LATIN method [10] is useal teduce the computational cost of successive atiahs by
stating that 2 runs with different sets of paramseteay have some similarities. Second, the AK-1$haw, introduced
Section 3.2, is implemented to identify the modevent sets of parameters to run in order to asgesdailure
probability with accuracy.

The flowchart of the APPRoFi probabilistic approagecific to this case study is detailed FigureTle first
step of AK-IS consists in finding the most probataldure point. For this study case, the HLRF alton [7] requires
3 iterations to obtain it. An iteration is compos#Ed® runs of the performance function. The nunmdferalls N, to G
is then 18+1=19. However, as the calculation of ginedient in the strength direction does not rexjar new
computation of the numerical model, the numberurfsris only of 16. The reliability inde& [4] is equal to 5.664

which gives a FORM approximation of the failure pability of d(-8)=7.408x1F with ® the standard Gaussian c.d.f.

[4]. The coordinates note{ilg,ugS U, W, LE,} of the most probable failure point in the standspelce can be used to

measure the importance of each random variablegdesis on the structural reliability. In this papfeicus is made
on the elasticitye, (normalised sensitivity) of the reliability inder thei™ random variable standard deviatien

which is given as:
e =29

" B oo,
It can be shown [4] that in case of Gaussian indéeet random variables, the elasticity is equal to:

o =it o4 0

whereg; is the direction cosine of th#8 standardised random variable.

(12)

In this paper, material variables are not Gausarahindependent, however, the formulation in (1i8gga sensible
approximation of the elasticities. They are giveablE I. It is shown that the material parameterthia case have
little impact on the reliability. In fact, the stture remains in the elastic for most applied @ispments. Therefor€,
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andD have very rarely an impact on the mechanical hebawf the structure. In addition to that, it lsosvn that the
strength standard deviation is the parameter widshthe most influence on the structural reliabilit

The second step of AK-IS consists in the clasdificaof a population centred on the most probabltufe point
found previously. The population to classify is gosed of 1&samples. The results of this step are given Thble
Step 2 requires 11 calls to the performance functm classify the population. Consequently, only r8@s are
performed to assess the failure probability. Thatlstate seems to be rather linear as the FORMoappation and
the AK-IS results are very close. In this case,dbeond step of AK-IS brings, for a small additioo@amputational
demand, further information that enables to confinenfailure probability found using FORM approxima.

Table I: Elasticities of the reliability index thet Table 1I: AK-IS results.
different random standard deviations. Near (Step 1 + Step 2) P 5
Strength  Load Material §
19 +11 7.46 x18  2.50%
e{iR erics eﬂK eﬂc eﬂD
-0.729  -0.270 -25xID -1.6x10° -0.4x10°

5 CONCLUSION

In this paper, a probabilistic method to assessréfiability of structures subjected to fatigue do®gs is
presented. It is based on the stress-strengthfénteice analysis and the equivalent fatigue theBiye random
variables are considered for the studied casee tlorethe non-linear material properties, one far displacement load
and one for the structural strength. To assesseffability of the structure, several runs of theahanical model are
required. This model being a finite element onejsitconsequently computer-demanding. Two time rédnc
techniques are used to obtain the failure prolgibilian acceptable time. First, the LATIN methedised to run in a
faster and more efficient way successive sets odrpaters. Second, the AK-IS reliability method kblaea the
Kriging metamodel is implemented to select parsiimosly the sets of parameters to run on the fieiéanent model
in order to obtain an accurate assessment of tleefgrobability.

The method proposed in this paper shows promisasglts in terms of computation time and reliability
assessment. In fact, it shows some advantages cethpathe classic stress-strength interferencéysisaFirst, no
assumption is made on the statistical distributibthe stress. Second, information about the ingpme of the model
inputs enables to determine which random variabtesindom variable parameters have the most sigmifiimpacts
on the failure probability.

However, such method being based on the equividégtie theory requires the assumption of a limekation
between the load applied and the numerical modgdubuFor non linear cases, the proposed method lesd to
errors in the reliability assessment. Therefore, ghrformance function should be formulated in dgem@ather than
stress so to remove the equivalent fatigue step Mévertheless, such formulation would lead to acimlarger
computational effort which could be reduced by gsimetamodel such as Kriging not to approximatectliyethe
performance function of the structure but the nucaémodel output. The Rainflow load should then dieectly
applied on the metamodel and Miner’s rule shouldiged to evaluate the damage. In the end, by cemisidthat a
damage superior to 1 corresponds to failure, thectstral reliability can be assessed by couplirggrifetamodel with
Monte Carlo simulations or Importance Sampling.
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Figure 10: Flowchart of the APPRoFi probabilistapeoach for the case study.
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